Introduction
Let S be an immersed compact surface into a Riemannian manifold M. We denote by H and K the mean curvature vector field of S and the sectional curvature function of M with respect to the tangent space of S and define
This functional is an invariant under conformal changes of the metric of M and the critical points of are called Willmore surfaces [Ch] . Let (S n , g) be the n-sphere endowed with its standard metric of constant curvature. Minimal surfaces of (S n , g) are obvious examples of Willmore surfaces. However N. Ejiri [E] , answering a problem of J. L. Weiner [W] , gave an example of a nonminimal Willmore torus in (S&, g). Later U. Pinkall [Pi] obtained an infinite family of non-minimal Willmore surfaces in (S$, g). He used a nice description of the Hopf fibration, Π : (S$, g) 4 (S#, g) (both unit spheres), to get the members of such a family as Hopf tori associated to certain closed elastic curves in (S#, g) with an appropriate Lagrange multiplier [LS] . More examples of non-minimal Willmore surfaces in (S&, g) were obtained in [BCh] and [BGS] .
In this note, we consider the canonical variation of the metric g in (S$, g) to get a one-parameter family of Riemannian submersions Π : (S$, g t ) 4 (S#, g), t 0 and g " l g. Then given an immersed curve γ in S#, we define its complete horizontal lift to be S t l Π −" (γ) in (S$, g t ). When γ is closed, then S t is a torus. Our main result shows that, as a consequence of the principle of symmetric criticality [Pa] , S t is a Willmore surface in (S$, g t ) if and only if γ is an elastica in (S#, g) with Lagrange multiplier λ l 4t#. As a consequence, when t 1, we can obtain examples of Willmore tori S t in (S$, g t ) such that (S t ) 2π#. This fact contrasts with the Willmore conjecture, namely (S) 2π# for any torus in (S$, g). The above-mentioned examples are obtained as complete horizontal lifts to (S$, g t ) of the geodesics of the 2-sphere and so they are Clifford tori which are minimal in (S$, g t ).
Throughout this note we will follow the notation and the terminology of [AB] , [O1] and [O2] .
Willmore tori and elasticae via Riemannian submersions
defines the vertical distribution and the orthogonal complement to x in T x (M), say x , defines the horizontal distribution . The O'Neill invariants will be denoted by A and T. Recall that T is defined from the second fundamental form of the fibres, in particular T 0 when the fibres are totally geodesic, and A measures the obstruction to integrability of the horizontal distribution (for details and definitions see [AB] , [O1] and [O2] ).
Given an immersed curve γ in B (we will assume that γ is arc-length parametrized), we consider the submanifold N l Π −" (γ) on M. Denote by X l γh the unit tangent vector field of γ and by X`its horizontal lift to M. Then 
where n denotes the dimension of N.
Proof. Let ] denote the Levi-Civita connection of (B, gf ) and σ, α the second fundamental forms of N and the fibers in M respectively. Notice that trace (α) l 0 because of the harmonicity of Π. Now we use basic properties of Riemannian submersions to obtain
where ξ`? T U N, dΠ(ξ) l ξ and U ? . Consequently we get (2).
For a Riemannian submersion one can define a very interesting deformation of the metric g by changing the relative scales of B and the fibres. To be precise, we define the canonical variation, g t (t 0), of g by setting
for all U, V ? and Y, Z ? . Therefore, we obtain an one-parameter family of Riemannian submersions Π : (M, g t ) 4 (B, gf ) with the same horizontal distribution for all t 0.
With respect to the O'Neill invariants A t and T t of these Riemannian submersions, we just mention a couple of properties. First, we recall that if g has totally geodesic fibres (T 0) then g t also has totally geodesic fibres for all t 0, (T t 0). Also if Y ?
and
In the next theorem we will talk about the usual Hopf fibration Π : (S$, g) 4 (S#, g). Therefore, in order to be considered as a Riemannian submersion, if S$ denotes the unit sphere, then S# must be chosen with radius " # . To understand this theorem better, recall that an elastica γ of a Riemannian manifold M is a critical point of the functional
( κ#jλ) ds, for some Lagrange multiplier λ, where κ denotes the curvature function of γ in M and L its length. Of course this functional acting on a manifold consisting only of regular closed curves or curves which satisfy given first order boundary data, (see [LS] for details about elasticae in the 2-sphere).
T. Let Π : (S$, g t ) 4 (S#, g), (t 0), be the canonical variation of the usual Hopf fibration. Let γ be an immersed closed curve in S# and S t l Π −" (γ). Then the torus S t is a Willmore surface in (S$, g t ) if and only if γ is an elastica in (S#, g) with Lagrange multiplier λ l 4t#.
Proof. We identify S$ with the unit sphere in C# it gives an isometric embedding for g l g "
. If i l N(k1) and we identify any point x ? S$ with its position vector in C#, then ζ(x) l ix defines a unit (with respect to g) vector field tangent to fibres. It is a Killing field in (S$, g). If ] denotes the Levi-Civita connection of (S$, g), then ] Y ζ l iY, for any horizontal vector field Y (notice that the horizontal distribution in S$ is i-invariant, that is invariant under the usual complex structure defined in C#).
Let us compute the Willmore functional over the tori S t . Because of the lemma, we only need to compute the term K in (1). Notice that S t can be parametrized from two families of orthogonal curves, namely, fibres and horizontal lifts of γ. Consequently T x S t is a mixed (also called vertizontal, [We] ) section of T x M. On the other hand g t has geodesic fibres and so the sectional curvature function, K t , of (S$, g t ) with respect to T x S t is given by
where X`denotes the horizontal lift of X l γh and U is unit (with respect to g t ) and tangent to fibres. Now we use (3) to obtain
5) and then (4), (5) and the horizontality of iX`give
Denote by L the length of γ and notice that the fibres of g t are circles of radius t therefore,
where s and r are the arc-length parameters of γ and the fibres respectively. Hence
Finally we notice that S t admits an intrinsic isometric S"-action, so we can apply the principle of symmetric criticality, [Pa] , to obtain the statement of the theorem.
Remark. The theory of Riemannian submersions and in particular the cannonical variation of a Riemannian submersion has been used to study homogeneous Einstein manifolds (see [AB] for a complete exposition on the subject). In dimension three, Einstein metrics correspond with constant sectional curvature metrics. Therefore, the standard metric g l g " is the only Einstein metric one can find over the 3-sphere. However, one can use a well-known formula for the scalar curvature of the canonical variation of a Riemannian submersion (see once more [AB] ) to show that (S$, g t ), t 0, is a one-parameter family of Riemannian manifolds with constant scalar curvature. An Aleksandrov-type result (see [Ro] ) proves that the standard round sphere is the only compact hypersurface with constant scalar curvature embedded in the Euclidean space. Consequently (S$, g t ), t 1, do not admit any isometric embedding in 4-dimensional Euclidean space.
The author does not know the minimum dimension of the Euclidean space in which (S$, g t ), t 1, are isometrically embedded (see [Y] for some related problem).
C. There exist Willmore tori S t in (S$, g t ), with 0 t 1, such that (S t ) 2π#.
Proof. We take a great circle β of (S#, g). Then κ l 0 and L l π because β is a geodesic in (S#, g) and the radius of S# is chosen to be " # . Now the geodesics of the standard 2-sphere are automatically elastic curves for arbitrary Lagrange multiplier. Consequently S t l Π −" ( β) is a Willmore torus in (S$, g t ) and (S t ) l 2π#t$. Notice that this torus is nothing but the Clifford torus and according to the lemma stated above it is minimal in (S$, g t ) for all t 0.
